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THE LAW OF EXCLUDED MIDDLE AND
MANY-VALUED LOGIC

(In the present paper I have taken up the argument from
many-valued logic against the law of excluded middle for consi-
deration. An attempt has also been made to investigate into the
argument.

Firstly, | have stated the argument which refutes the law, then [
have attempted to assess the strength of the argument. Wherever
the argument appears unsound, I have tried to give a reason in
support.

In my critique of the argument, an effort has also been made to
throw some light on the motivations behind the denial — that is,
what led to the controversy, and how far the denial has weight.)

Sec. | : INTRODUCTORY

Rules of classical logic have come down to us essentially from
Aristotle.! The most basic rules of classical logic are the so-called
three laws of thought. The first, the Law of Identity, asserts that
‘4 is 4> or ‘if a proposition? is true then it is true,” The second,
the Law of Contradiction, asserts that ‘A cannot be both B and
not-B’ or ‘A proposition cannot be both true and false.” The third,
the Law of Excluded Middle, asserts that ‘A is either B or not-B
or ‘A proposition is cither true or false.” These three laws of thought
have been proclaimed to be the most fundamental presupposition
of all correct reasoning. But some  philosophers. Brouwer?
for example, have questioned their very status as laws. But the
principle which has met the most opposition is the law of excluded
middle. It has been the subject of doubt and denial throughout
the history of logical theory, more than any other orthodox principle
of logic.

The arguments for rejecting the law of excluded middle have
come mainly from three directions : many-valued logict quantum
mechanicss and intuitionism®. The law is also rejected on the
grounds of an epistemological definition of truth?. It is hard
to face upto the rejection of anything so basic. So I have taken
up the argument from many valued logic for consideration.
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Sec. 2 : FORMULATION OF THE LAW

The

law of excluded middle has been traditionally formulated

differently as follows

(1)

(2)

_—
LS
~—

(4)

Aristotle formulated the law as :

“There can be no intermediate between contradictories:
any given predicate must be either affirmed or denied of
one subjectt.”

J.S. Mill States :

“The principle of Excluded Middle (or that one of two
contradictories must be true) means that an assertion must

be either true or false : either the affirmative is true, or other-
wise the negative is true, which means that the affirmative

is false?.”

W. V. Quine picturises the law as :

(1) Every closed sentencel® is true or false. or

{ii) Every closed sentence or its negation is true, or
(iii)  Every closed sentence is true or not true.”1

Nicholas Rescher writes :

" The ™ ‘Law of Excluded Middle’ is generally given. ... as
the principle that everything is either 4 or not-4, or in a
somewhat different formulation, that one member of the
pair “B is A and “B is not-4’" must be true, so that both
cannot be false.’"12

In fact, Rescher gives five versions of the law. They are :

(i) eV ]ee

(ii) A proposition must be either true or else false
(lp/ = T) = or = (fp/ = F).

(iii)  Of a propostion and its contradictory af least one
must-be true.
(/p/=T) - or — ([p/=T)
or equivalently
if /p/ # T, then /—p/ = T.

(iv) A proposition cannot be true and its denial fail to
be false, or its denial be false and it fail to be true.
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A proposition is true if and only if its negation (contra-
dictory or denial) is false, and conversely :

pf =T iff |—p/=F

[-p/ =T iff /p/ = F.

(v) Every proposition either takes a given truth-value or
else does not.”™3 The law of excluded middle in its
symbolic form is expressed as : pv~p.

The discussion in the present paper concerns and
centres around the general thesis that ‘every proposi-
tion is either true or false™4 only, irrespective of the
stylistically different formulations of it, for it is this
thesis which has been questioned in the history of
logical theory.

Sec. 3 : THE LAW OF EXCLUDED MIDDLE AND MANY-
VALUED LOGIC

One of the quarters in which the law of excluded middle is
contested is many-valued logic. Many-valued logic is like the
logic of truth-functions except that it recognizes three or more so-
called truth values instead of truth and falsity. This kind of logic
was developed somewhat by Peirce’s and independently later
by Lukasiewicz1,

The simplest many-valued logic is one with three possible
truth-values. The three values are called ‘truth’, ‘falsity” and ‘some-
thing intermediate *© The law of excluded middle is not uniformly
designated on these matrices. The following truth-table for
‘pv~p” where ‘1° stands for ‘truth’, <!’ stands for ‘something
intermediate’ and ‘0" stands for ‘falsity’ fails to verify the law :

P yv~p
Il 1 0

-

0 I
‘pv~p is no longer valid as it has the value “!” in its truthtable,

when ‘p’ takes the value *1’°. Hence the law cannot be accepted
in a system which has three truth-values, ‘I’, 1’ and ‘0"

1

The law of excluded middle is thus not acceptable in many-
valued logic.
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On Rescher’s view, the general form of the law need not be
necessarily abandoned in many-valued logic,”? but the second
version® of the five possible alternative versions has to be given
up. It cannot be maintained in any of the systems of manv-valued
fogic. Rescher maintains that the deliberate violation of this
principle is the very basis of and reason for the construction of
systems of many-valued logic. For, this version of the law in
effect rules out any other truth-values than truth and falsity. It is
the key roadblock to the development of many-valued systems of
logic, where more than two truth-values are admitted. Hence,
it has to be, inevitably, yielded up; but the others versions of
the law may be given up in certain cases. For instance. the first
version?? can be maintained in certain systems of many valued
logic: in fact. == v TJe<" is an asserted thesis (tautology) in various
such systems?0.  On the other hand. it must also be recongized
that this formula may very well fail to secure the status of an
asserted thesis (tautology) in other perfectly viable systems of

&

many-valued logic, for example, Lukasicwicz’s 3-valued logic.

Sec. 4 : AN APPRAISAL

Before 1 proceed to examine the strength of the argument,
[ would like to shed some light on the philosophical motivations
which led to the development of many-valued logic.

The denial of the law in many-valued logic is on the grounds
that there is a third-value apart from the classical *true’ and ‘false’.
The introduction ol a third-value was motivated by the problem of
future-contingents,  undecidable or indeterminate, statements.
meaningless sentences and denotationless expressions.™®

Aristotle first discussed the problem of future-contingents in
his De Interpretatione®,  for propositions about those events in
future that may or may not come to pass are neither true nor false.
( For instance, "There will be a sea-battle tomorrow).” Lukasicwicz23
introduced his three-valued logic to solve such a problem. He
maintained that such propositions do not take the values truth or
falsity, but something intermediate. Hallden?t and Routley?
adopted a three-valued logic to resolve problems about meaningless

entences. A sentence such as ‘Abracadabra is a second intention’
is neither true nor false, but meaningless.

* Expression which purport to refer but do not really do so.
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Frege? maintained that for propositions with subjects that do
not have anything actual corresponding to them — such as “The
present king of France is wise’ (assuming that France has no king)-
—the question of truth and falsity does not arise??. So to solve
the problem of such denotationless expressions, Smiley?® suggested
that a three-valued logic would be appropriate. To accommodate
undecidable or indeterminate statements was another reason for
the adoption of a many-valued logic. Kleene? assigned a third-
value ‘undecidable’ or ‘indeterminate’ for statements whose truth
and falsity could not be determined.

I propose now to offer a critique of the argument raised against
the law. )

It is true that a meaningless sentence is neither true nor false,
but then, truth and falsity are applicable to meaningful sentences,
not to meaningless ones. Only a proposition is said to be true or
false, and meaningless sentences do not express propositions.

Further, future contingents and indeterminate or undecidable
statements do not show the inapplicability of the law. No doubt
there are a large number of intermediate statements between those
that we know or even believe to be true and those that we know or
even believe to be Talse, but nevertheless we can still hold that
each of those intermediate statements is either true or false. Hence
an indeterminate or undecidable statement exhibits only our lack
of knowledge about their truth or falsity. It can be very well
maintained that an indeterminate or undecidable statement is
either truc or false, though it is not possible to tell which.

The problem of denotationless expressions can be solved in
accordance to  Russell’s translation®. According to him. a
sentence such as “The present king of France is wise’ is equivalent
to a conjunction of “There is at least a present King of France
and ‘there is atmost one present king ol France’ and “he is wise.
If there is no such person then the whole conjunction will be false,
as the truth of expression depends on the truth of each one of the
conjuncts. Thus the problem poses no threat to the law.

Kleene's three-valued logie3! is intended to accommodate
undecidable mathematical statements, which though either true or
false, are neither provable, nor disprovable. For example. Kurt
Godel3? in his paper maintained that there is no complete proof
procedure for showing the validity of infinity schemata. On the
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basis of Kleene’s logic, the assignment of the third-value to a wif

is not intended to indicate that it is neither true nor false. only that
one cannot tell which

Again, often intermediate values are understood as epistemo-

logical variants on ‘truc’ and ‘false’, and not as new truth-values.

Prior’s interpretation33 of the values ‘1°, ‘2", ‘3" and ‘4’ of a four-

valued logic is as follows :

1 = true and purely mathematical (or, true and known to

be true).

()
|

= true but not purely mathematical (or. true but not
known to be true),

3 = false but not purely mathematical (or. false but not

known to be false)

4 = false and purely mathematical (or, false and known to
be false).
On this interpretation, any wif is either true or false. for,
those with values ‘1" or “2° are true, and those with values *3° and
‘4" arc false

-

Smiley’s use of Bochvar's three-valued logic too illustrates the
point that a many-valued logic need not require the admission of
one or more extra truth-values3*  For him. assignment of the
third value to a wif indicates, not that it has an intermediate truth-
value, but that it has no truth-value at all.

So it would not be wrong to agree with Haack when she says :

“....it is clear that a many-valued logic needn’t require

the admission of one or more extra truth-values over and

above ‘true’ and ‘false’, and, indeed, that it needn’t even

require the rejection of bivalence.” 35 and 36
Hence, one could use a many-valued system and yet hold both:
(1) There are just two truth-values, ‘true’ and ‘false and
(2) Every wiT of the system has just one of these values.

Thus the rejection of the law in many-valued logic falls to the
ground.

A through examination of the argument raised against the law
thus reveals that the rationale for the rejection of it is quite
misguided. Modifications of the true-false dichotomy does not
exhibit the failure of the law. The law can be said to hold for any
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number of truth-values. Of the i values, a wil will have only one
of the » values, and this is what the law implies.

As a matter of fact, one who repudiates ‘p v~p’ is indeed
giving up classical negation, or perhaps alternation or both. For
when the law of excluded middle fails, the law of double negation
also fails. If ‘p’ is neither true nor false, it is false that “p’ is false:
if the law of double negation is held, this would imply that ‘p’ is
true, whereas by hypothesis, ‘p’ is neither true nor false—conse-
quently, on the basis of this, “itis false that p is false’ is not equivalent
to ‘p’ is true.

“In a realm where no proposition excludes its contradictory,
nothing could be asserted as true rather thani ts opposite; assertion
and negation would vanish....”%

I wish to conclude my paper with the remark that the law of
excluded middle is true simply by virtue of our conceptual scheme
and the rejection of the law stimulated from the quandaries of
many-valued logic is thus not acceptable.

Department of Philosophy GARGI MAHAY
University of Delhi.
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There is no uniform use of the word ‘proposition” among logicians and
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3. Brouwer, L.E. 1., "The untrustworthiness of the principles of logic, *7%j-
dochriftvoor wijsbegeerte, ii, reprinted in Wiskunde Waarkeid, Worke-
lijkheid, 1908.
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values. That is, it is an n-valued logic where 2 >n

i

Quantum mechanics is the branch of mathematical physics that deals
with the motion of electrons, protons, neutrons and other sub-atomic
particles in atoms and molecules.
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